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. $t$ $x$ 2 $u(x, t)$
$u(x, t)$ Cahn-Hilliard .
([2], [4], [6], [7]). 2 $(x, t)$
$v(x, t)$ . ([3]) $v(x, t)$
$\ovalbox{\tt\small REJECT}$
(P) $\{$
$\frac{\partial u}{\partial t}=\Delta(-\Delta u+2u+uv^{2})$ , $(x, t)\in Q\tau$ ,
$\frac{\partial v}{\partial t}=\beta\Delta v+\alpha v(a^{2}-u^{2}-b^{2}v^{2})$ , $(x, t)\in Q\tau$ ,
$u(x, 0)=u_{0}(x)$ , $v(x, 0)=v0(x)$ , $x\in\Omega$ ,
$\frac{\partial u}{\partial n}=0$ , $\frac{\partial\Delta u}{\partial n}=0$ , $\frac{\partial v}{\partial n}=0$ , $(x, t)\in\Gamma_{T}$ .
$\alpha,$
$\beta,$ $a,$ $b$ . $\Omega\subset R^{n}(n=1,2,3)$ $\Omega$
, $Q\tau\equiv\Omega\cross(0, T),$ $\Gamma_{T}\equiv\partial\Omega\cross(0, T)$ .
, . 51, 52
. Sobolev ,
. \S 3 . 4
, .
, . [3] .
.
\S 1.




. (P) $u-\ovalbox{\tt\small REJECT}arrow u$
$(\mathrm{P}’)\{$
$\frac{\partial u}{\partial t}=\Delta(-\Delta u+2u+(u+\overline{u})v^{2})$ , $(x, t)\in Q_{T}$ ,
$\frac{\partial v}{\partial t}=\beta\triangle v+\alpha v(a^{2}-(u+\overline{u})^{2}-b^{2}v^{2})$ , $(x, t)\in Q_{T}$ ,
$u(x, 0)=u_{0}(x)$ , $v(x, 0)=v_{0}(x)$ , $x\in\Omega$ ,
$\frac{\partial u}{\partial n}=0$ , $\frac{\partial\Delta u}{\partial n}=0$ , $\frac{\partial v}{\partial n}=0$ , $(x, t)\in\Gamma_{T}$
. $u_{0}-\overline{u}$ $u\mathrm{o}(x)$ . $(\mathrm{P}’)$ , $X_{T}$
:
$X_{T}\equiv|(u, v)$
$u\in H^{4,1}(Q_{T})\cap C(0, T;H^{2}(\Omega))$
$u(x, 0)=u_{0}$ , $v(x, 0)=v_{0}(x)$ ,
$v \in L^{2}(0,T;H^{3}(\Omega))\cap H^{1}(0, T;L^{2}(\Omega))\cap C(0, T,\cdot H^{2}(\Omega))\int_{\Omega}udx=\int\Omega u_{0}dx=0|$ .
$\frac{\partial u}{\partial n}|_{\Gamma_{T}}=\frac{\partial\Delta u}{\partial n}|_{\Gamma_{T}}=\frac{\partial v}{\partial n}|_{\Gamma_{T}}=0$
$||(u, v)||_{X_{T}}^{2}\leq 2C_{3}(T)(||u_{0}||_{H^{2}(\Omega)}^{2}+||v_{0}||_{H^{2}(\Omega)}^{2})$
, $||\cdot||=||\cdot||_{L^{2}(\Omega)},$ $H^{4,1}(Q\tau)\equiv H^{1}(0, T;L^{2}(\Omega))\cap L^{2}(0, T;H^{4}(\Omega))$ ,
$||(u, v)||_{X_{T}}^{2}$ $\equiv$ $0 \leq\leq\tau\sup_{t}(||u(t)||_{H^{2}(\Omega)}^{2}+||v(t)||_{H^{2}(\Omega)}^{2})$
$+ \int_{0}^{T}(||u_{t}(s)||^{2}+||v_{t}(s)||^{2}+||u(s)||_{H^{4}(\Omega)}^{2}+||v(s)||_{H^{3}(\Omega)}^{2})ds$
. $C_{3}(T)$ (5) .
.
Theorem 1( ) $u_{0}\in H^{2}(\Omega),$ $v0\in H^{2}(\Omega)$ $\frac{\partial u_{0}}{\partial n}|_{\theta\Omega}=0$ , –\partial \partial vn0|\partial $=0$
, $T_{1}$ , $[0, T_{1}]$ $(\mathrm{P}’)$ $(u, v)\in$
$X_{T_{1}}$ .
, Theorem 1 .
Theorem 2( ) Theorem 1 , $T$ ,
$[0, T]$ $(\mathrm{P}’)$ $(u, v)\in X_{T}$ .
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\S 2. Theorem 1
2.1 $u$
$(\mathrm{P}’)$ $u$ 1 (1) :
(1) $\{$
$\frac{\partial u}{\partial t}+\Delta^{2}u-2\Delta u=\triangle f(x, t)$ , $(x, t)\in Q_{T}$ ,
$u(x, 0)=u_{0}(x)$ , $x\in\Omega$ ,
$\frac{\partial u}{\partial n}=0$ , $\frac{\partial\Delta u}{\partial n}=0$ , $(x, t)\in\Gamma_{T}$ .
(1) ( .
Lemma 1([2, Theorem 616]) $T>0,$ $u_{0}\in H^{2}(\Omega),$ $\frac{\partial u_{0}}{\partial n}|_{\partial\Omega}=0,$ $\Delta f\in L^{2}(Q_{T})$
, (1) $u\in H^{4,1}(Q\tau)\cap C(0, T;H^{2}(\Omega))$ , $0\leq t\leq T$
$||u(t)||_{H^{2}(\Omega)}^{2}+ \int_{0}^{t}(||u(s)||_{H^{4}(\Omega)}^{2} + ||u_{t}(s)||^{2})ds$
(2) $\leq C_{1}(T)(||u_{0}||_{H^{2}(\Omega)}^{2}+\int_{0}^{T}||\Delta f(s)||^{2}ds)$




$\frac{\partial v}{\partial t}-\beta\Delta v=g(x, t)$ , $(x, t)\in Q_{T}$ ,
$v(x, 0)=v_{0}(x)$ , $x\in\Omega$ ,
$\frac{\partial v}{\partial n}|_{\Gamma_{T}}=0$ .
(1) (3) .
Lemma 2([2, Theorem 6.17]) $T>0$ . $v_{0}\in H^{2}(\Omega),$ $\frac{\partial v_{0}}{\partial n}|_{\partial\Omega}=0,$ $g,\Delta g\in$
$L^{2}(Q\tau),$ $\mathrm{i},\Omega=0$ (3) $v\in L^{2}(0, T;H^{3}(\Omega))\cap C(0, T;H^{2}(\Omega)),$ $v_{t}\in$
$L^{2}(0, T;L^{2}(\Omega))$ , $0\leq t\leq T$
$||v(t)||_{H^{2}(\Omega)}^{2}+ \int_{0}^{t}(||v(s)||_{H^{3}(\Omega)}^{2} + ||v_{t}(s)||^{2})ds$
(4) $\leq C_{2}(T)(||v_{0}||_{H^{2}(\Omega)}^{2}+\int_{0}^{T}(||g(s)||^{2}+||\Delta g(s)||^{2})ds)$
. $C_{2}(T)$ $T$ .
109
23
(1), (3) (2), (4)
$||(u, v)||_{X_{T}}^{2}\leq C_{3}(T)(||u0||_{H^{2}(\Omega)}^{2}$ $+$ $||v0||_{H^{2}(\Omega)}^{2}$
(5) $+$ $\int_{0}^{T}(||\Delta f(s)||^{2}+||g(s)||^{2}+||\Delta g(s)||^{2})ds)$
. $C_{3}(T) \equiv\max\{C_{1}(T), C_{2}(T)\}$ . $X_{T}$
. $(\varphi, \psi)\in X_{T}$ , (6) $(u, v)$ $F$ :
(6) $\{$
$\frac{\partial u}{\partial t}+\Delta^{2}u-2\Delta u=\Delta((\varphi+\overline{u})\psi^{2})\equiv\Delta f(\varphi(x, t),$ $\psi(x, t))$ ,
$\frac{\partial v}{\partial t}-\beta\Delta v=\alpha\psi(a^{2}-(\varphi+\overline{u})^{2}-b^{2}\psi^{2})\equiv g(\varphi(x, t),$ $\psi(x, t))$ .
(5) $n=3$ . $n=3$ GagliardO-Nirenberg
([7])
$||u||\iota\infty(\Omega)\leq C||u||_{H^{2}(\Omega)}$ , $||\nabla u||_{L^{4}(\Omega)}\leq C||u||_{H^{2}(\Omega)}$
. (5) , :




$\leq$ $C(||(\varphi, \psi)||_{X_{T}}^{2}+||(\varphi, \psi)||_{X_{T}}^{4}+||(\varphi, \psi)||_{X_{T}}^{6})||(\varphi, \psi)||_{X_{T}}^{2}\cdot T$
$\leq$ $C_{4}(T)(||u_{0}||_{H^{2}(\Omega)}^{2}+||v_{0}||_{H^{2}(\Omega)}^{2})\cdot T$
. $C_{4}(T)$ $T$ . (5)




$(\varphi:, \psi_{:})\in X_{T}$ , $f(\varphi_{i}, \psi_{i})\equiv f_{1}.$ , $g(\varphi_{i}, \psi_{i})\equiv g_{1}$. $(i=1,2)$
,
$\int_{0}^{T}(||\Delta(f_{1}-f_{2})||^{2}+||g_{1}-g_{2}||^{2}+||\Delta(g_{1}-g_{2})||^{2})ds$
(10) $\leq$ $C_{5}(T)||(\varphi_{1}-\varphi_{2}, \psi_{1}-\psi_{2})||_{X_{T}}^{2}\cdot T$.
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(11) $C_{3}C_{5}T<1$
$T$ , $F$ . (9), (11) $T$
$F$ , Theorem 1 .
\S 3. Theorem 2
Theorem 2 .
$\int_{\Omega}u(x, t)dx=0$ $||u||_{H^{4}(\Omega)}$ $||\Delta^{2}u||$ I , [ ([6, Lemma 42]).
Lyapunov
(12) $J(u, v)= \int_{\Omega}(\frac{1}{2}|\nabla u|^{2}+\frac{\beta}{2\alpha}|\nabla v|^{2}-\frac{a^{2}}{2}v^{2}+\frac{b^{2}}{4}v^{4}+u^{2}+\frac{1}{2}(u+\overline{u})^{2}v^{2})dx$
. $\frac{d}{dt}J(u, v)\leq 0$ $t$ , $- \frac{a}{2}$ $\int_{\Omega}v^{2}dx$
$\frac{1}{2}||\nabla u||^{2}+||u||^{2}+\frac{\beta}{2\alpha}||\nabla v||^{2}+\frac{b^{2}}{8}||v||_{L^{4}(\Omega)}+||(u+\overline{u})v||^{2}$
$a^{4}$
$+ \int_{\cap}^{t}ds\int_{\Omega}(|\nabla K(u, v)(s)|^{2}+\frac{1}{\alpha}|v_{t}(s)|^{2})dx\leq J(u_{0}, v_{0})+\frac{a}{2b^{2}}.|\Omega|\equiv C_{7}^{2}$
/0 $/\Omega\backslash \cdot$
. . . .
$\alpha$ $\mathrm{z}\mathrm{u}^{-}$
. $K(u, v)\equiv$ -\Delta u+2u+(u+-u) . \leq .
Lemma 3 $(u, v)$ $(\mathrm{P}’)$ ,
(13) $||u||_{H^{1}(\Omega)}\leq C_{7}$ , $||v||_{H^{1}(\Omega)}\leq C_{7}$ , $||u||_{L^{4}(\Omega)}\leq C_{7}$ , $\int_{0}^{t}||v_{t}(s)||^{2}ds\leq C_{7}$
.
Alikakos[l] $v$ $t$ .
Lemma 4 $(\mathrm{P}’)$ $v$
(14) $\sup_{t>0}||v(t)||_{L^{\infty}(\Omega)}\leq C_{8}\max\{||v_{0}||_{L^{\infty}(\Omega)},$ $\sup_{t>0}\int_{\Omega}v^{2}dx\}$
.
. $(\mathrm{P}’)$ 2 $v^{2^{k}-1}$ , $\Omega$
$\int_{\Omega}v^{2^{k}}dx\leq|\Omega|||v(t)||_{L^{\infty}(\Omega)}^{2^{k}}+C’2^{(\lambda+1)k}(\sup_{t>0}\int_{\Omega}v^{2^{k}-1}dx)^{2}$
. $\lambda>1$ $(2^{k}+2^{-k})\leq 2^{\lambda k}$ . }
(15) $B_{k} \equiv\max\{$ $||v_{0}||_{L^{\infty}(\Omega)},$ $\sup_{t>0}||v(t)||_{L^{2^{k}}(\Omega)}\}$
111
, $B,$ $\ovalbox{\tt\small REJECT}(C^{*})^{2}k$ . $2^{(\lambda+\mathfrak{y}k\circ 2^{-1}}B,-1$ $karrow x$
.
Lemma 3 Lemma 4 ,
. $(\mathrm{P}’)$ 2 $\Delta v$ ,
$\ovalbox{\tt\small REJECT}_{|\nabla v||^{2}+\beta}\int_{0}^{t}||\Delta v(s)||^{2}ds+\frac{\alpha}{2}\int_{0}^{t}ds\int_{\Omega}((u+\overline{u})^{2}+3b^{2}v^{2})|\nabla v|^{2}dx$
(16) $\leq$ $C_{8}(T)$ , $0\leq t\leq T$
. $(\mathrm{P}’)$ 1 $\Delta u$
(17) $\frac{1}{2}||\nabla u||^{2}+2\int_{0}^{t}||\Delta v(s)||^{2}ds+\frac{1}{2}\int_{0}^{t}||\nabla\Delta v(s)||^{2}ds\leq C_{9}(T),$ $0\leq t\leq T$
. $(\mathrm{P}’)$ 2 , $\frac{\partial\Delta v}{\partial n}|_{\Gamma_{T}}=0$
, $v$ $\Delta$ $\Delta v$ .
$||u+\overline{u}||_{L\infty(\Omega)}\leq C||\nabla\Delta u||^{\frac{1}{2}}||u||^{\frac{1}{2}}+C’||u||$
(18) $\frac{1}{2}||\Delta v||^{2}+\frac{\beta}{2}\int_{0}^{t}||\nabla\Delta v(s)||^{2}ds\leq C_{10}(T)$, $0\leq t\leq T$
. $u$ $\Delta^{2}u$ ,
$||u+\overline{u}||_{L^{\infty}(\Omega)}\leq C||\Delta u||^{\frac{3}{4}}||u+\overline{u}||^{\frac{1}{4}}+C’||u+\overline{u}||$
$||\nabla v||_{L(\Omega)}\infty\leq C||\Delta v||^{\frac{5}{6}}||v||^{\frac{1}{6}}+C’||u||$
(19) $\frac{1}{2}||\Delta u||^{2}+2\int_{0}^{t}||\nabla\Delta u(s)||^{2}ds+\frac{1}{2}\int_{0}^{t}||\Delta^{2}u(s)||^{2}ds\leq C_{11}(T),$ $0\leq t\leq T$
. .
Lemma 5 $(\mathrm{P}’)$ $(u, v)$
(20) $||\nabla v||^{2}$ $+$ $\int_{0}^{t}||\Delta v(s)||^{2}ds\leq C(T)$ , $0\leq t\leq T$
(21) $||\nabla u||^{2}$ $+$ $\int_{0}^{t}(||\Delta^{2}u(s)||^{2}+||\nabla\Delta u(s)||^{2})ds\leq C(T)$ , $0\leq t\leq T$
(22) $||\Delta v||^{2}$ $+$ $\int_{0}^{t}||\nabla\Delta v(s)||^{2}ds\leq C(T)$ , $0\leq t\leq T$
(23) $||\Delta u||^{2}$ $+$ $\int_{0}^{t}||\Delta^{2}u(s)||^{2}ds\leq C(T)$ , $0\leq t\leq T$
. , Theorem 1
Theorem 2 .
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